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It is proved that certain Mann and Ishikawa iteration procedures are stable with
respect to strongly pseudo-contracti¨ e mappings in real Banach spaces which are
q-uniformly smooth, 1 - q - `. A related result deals with stable iteration proce-
dures for solutions of nonlinear equations of the accreti¨ e type. Q 1996 Academic
Press, Inc.
1. INTRODUCTION
Let E be a Banach space and T a selfmap of E. Let x g E and let0
 .x s f T , x define an iteration procedure which yields a sequence ofnq1 n
 4`  .points x in E, for example, the function iteration, x s f T , x sn ns0 nq1 n
 .  4  4`Tx . Suppose F T s x g E: Tx s x / B and that x converges ton n ns0
U  4 5  .5a fixed point x of T. Let y : E, and let e s y y f T , y . Ifn n nq1 n
lim e s 0 implies that lim y s xU , then the iteration procedure definedn n
 .by x s f T , x is said to be T-stable or stable with respect to T. Stabilitynq1 n
results for several iteration procedures for certain contractive definitions
have been established in recent papers by several authors see, for exam-
w x. w xple, 16]18, 23, 24, 27]29 . In 18 Harder and Hicks showed how such a
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 4sequence y could arise in practice and demonstrated the importance ofn
investigating the stability of various iteration procedures for various classes
of nonlinear mappings.
 .As was remarked by Massa Math. Reviews 90a, 54109a, 54H25 , the
w xdiscussion about stability results is very rich in examples. In 16 , some
applications of stability results to first order differential equations are
discussed. For more recent results on stability results the reader may
w xconsult 23, 24, 27]29 .
In the following we establish stability results for the important class of
strongly pseudo-contracti¨ e operators. Furthermore, we construct certain
stable iteration procedures for the iterative approximation of solutions of
nonlinear operator equations of the accreti¨ e and strongly accreti¨ e types.
Let E be a real Banach space. Let q ) 1 and let J denote theq
generalized duality mapping from E to 2 E
U
defined by
U U  U: 5 5 q 5 U 5 5 5 qy1J x s f g E : x , f s x and f s x , .  4q
U  :where E denotes the dual space of E and ., . denotes the generalized
duality pairing. In particular, J s J is called the normalized duality2
 . 5 5 qy2  .mapping and J x s x J x if x / 0. E is uniformly smooth if andq
only if J is single-valued and uniformly continuous on any bounded subsetq
of E. In the following we shall denote a single-valued generalized duality
mapping by j .q
 .  .An operator T with domain D T and range R T in E is called a
 .  . strong pseudo-contraction if for all x, y g D T , there exist j x y y g J x
.y y and t ) 1 such that
1 25 5 :Tx y Ty , j x y y F x y y . 1 .  .
t
 .If t s 1 in 1 , then T is called a pseudo-contraction. The class of
pseudo-contractive maps have been studied extensively by several authors
 w x.see, for example, 1, 2, 6, 8]10, 14]18, 22, 32, 33 . Interest in pseudo-con-
tractive mappings stems mainly from their firm connection with the impor-
tant class of accreti¨ e operators where a map U is called accreti¨ e if for all
 .  .  .x, y g D U , there exists j x y y g J x y y such that
 :Ux y Uy , j x y y G 0. 2 .  .
 .Furthermore, U is called strongly accreti¨ e if for all x, y g D U there
 .  .exist j x y y g J x y y and a constant k ) 0 such that
5 5 2 :Ux y Uy , j x y y G k x y y . 3 .  .
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 .  .It follows easily from inequalities 1 ] 3 that T is strongly pseudo-con-
 .  .tractive respectively, pseudo-contractive if and only if I y T is strongly
 .accretive respectively, accretive , so that the mapping theory for strongly
 .accretive operators respectively, accretive operators is intimately con-
nected with the fixed point theory of strongly pseudo-contractive operators
 . respectively, pseudo-contractive operators . It is well known see, for
w x.example, Corollary 1 of Deimling 12 that if T : E ª E is a Lipschitz
strong pseudo-contraction, then T has a unique fixed point. It also follows
w x  w x.from Deimling 12 see also Browder 3 that if T : E ª E is Lipschitz
and strongly accretive, then T is surjective, i.e., the equation
Tx s f , 4 .
for a given f g E, has a unique solution. Furthermore, if T is Lipschitz
 w x.and accretive on E, then T is m-accreti¨ e see, for example, Browder 3 ,
so that the equation
x q Tx s f , 5 .
has a unique solution for any given f g E.
Let E be a real q-uniformly smooth Banach space, 1 - q - ` see
.definition below , and let T : E ª E be a Lipschitz strongly pseudo-con-
tractive mapping.
It is our purpose in this paper to construct certain Mann and Ishikawa
iteration methods which converge strongly to the fixed point of T. We then
prove that these iteration methods are T-stable. A related result deals with
the construction of stable iteration methods for the iterative approxima-
 .  .tion of solutions of Eqs. 4 and 5 . Apart from our stability results which
 .  .are new for Lipschitz strong pseudo-contractions and Eqs. 4 and 5 , our
convergence results are improvements of several convergence results that
have appeared recently for fixed points of Lipschitz strong pseudo-contrac-
 .  .  w x.tions and Eqs. 4 and 5 see, for example, 6]8, 10, 13, 14, 31 .
2. PRELIMINARIES
The modulus of smoothness of a Banach space E is the function
w . w .r : 0, ` ª 0, ` defined byE
1 5 5 5 5 5 5 5 5r t s sup x q y q x y y y 1: x F 1, y F t . .  4 .E 2
 .E is uniformly smooth if lim r t rt s 0. Let q ) 1. E is said to bet ª 0 E
q-uniformly smooth or to ha¨e a modulus of smoothness of power type
.  . qq G 1 if there exists a constant c ) 0 such that r t F ct . HilbertE
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 . pspaces, L or l spaces, and the Sobolev spaces, W , are q-uniformlyp p m
 . psmooth. Hilbert spaces are 2-uniformly smooth while L or l or W isp p m
p-uniformly smooth if 1 - p F 2, and 2-uniformly smooth if p G 2.
w X xTHEOREM HKS 32, Corollary 1 , p. 1130 . Let q ) 1 and let E be a real
Banach space. Then E is q-uniformly smooth if and only if there exists a
constant d ) 0 such thatq
5 5 q 5 5 q 5 5 qx q y F x q q y , j x q d y 6 : .  .q q
for all x, y g E.
w x  4`LEMMA LQ 25, p. 302 . Let x satisfy x F v x q s , n G 1,n ns1 nq1 n n
where x G 0, s G 0, lim s s 0, and 0 F v - 1. Then x ª 0 asn n nª` n n
n ª `.
3. MAIN RESULTS
3.1. Stable Iteration Procedures for Fixed Points
of Strongly Pseudo-contracti¨ e Mappings
In the following t ) 1 is the constant appearing in the definition of a
strongly pseudo-contractive mapping, L is the Lipschitz constant of T , dq
 .  . .is the constant appearing in inequality 6 , and k s t y 1 rt .
THEOREM 1. Let q ) 1 and let E be a q uniformly smooth Banach space.
Let T : E ª E be a Lipschitz strongly pseudo-contracti¨ e mapping. Let xU
 4`denote the fixed point of T. For any x g E define the sequence x byn ns0
z s 1 y b x q b Tx , n G 0 7 .  .n n n n n
x s 1 y a x q a Tz , n G 0, 8 .  .nq1 n n n n
 4`  4`where a and b are real sequences satisfyingn ns0 n ns0
 .  2 w  . q i 0 - a F a F c s k 1 q qL 1 q L q d L 1 qn q q
q.xy141rqy1.d L , n G 0.q
 . qy1ii 0 F b F a , n G 0.n n
 4  4Let y be any sequence in E and define e byn n
s s 1 y b y q b Ty , n G 0 9 .  .n n n n n
e s y y 1 y a y y a Ts , n G 0. 10 .  .n nq1 n n n n
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Then
 .  41 The sequence x con¨erges strongly to the fixed point of T.n
Moreo¨er, if a s c for all n G 0, thenn q
5 U 5 n r q 5 U 5x y x F r x y x ,n 0
w  .x  .where r s 1 y c k 1 y k g 0, 1 .q
 . 5 U 5 w  .x1r q 5 U 52 y y x F 1 y ak 1 y k y y x q e , for all n G 0.nq1 n n
 .11
 . U3 lim y s x if and only if lim e s 0.n n
 .Proof. It follows from 1 that
5 5 qTx y Ty , j x y y F 1 y k x y y . 12 : .  .  .q
 .  .  .  .Using 6 , 7 , 8 , and 12 we obtain
qqU U U5 5x y x s 1 y a x y x q a Tz y x .  .  .nq1 n n n n
q qy1qU5 5F 1 y a x y x q qa 1 y a .  .n n n n
= Tz y xU , j x y xU : .n q n
q 5 U 5 qq a d Tz y xn q n
q qy1qU5 5F 1 y a x y x q qa 1 y a .  .n n n n
= Tz y xU , j x y xU : .n q n
q q 5 U 5 qq a d L z y x . 13 .n q n
Observe that
Tz y xU , j x y xU  .n q n
s Tz y Tx , j x y xU q Tx y xU , j x y xU :  :: .  .n n q n n q n
5 5 5 U 5 qy1 5 U 5 qF Tz y Tx x y x q 1 y k x y x .n n n n
5 U 5 q 5 U 5 qF L 1 q L b x y x q 1 y k x y x . 14 .  .  .n n n
Furthermore,
qqU U U5 5z y x s 1 y b x y x q b Tx y x .  .  .n n n n n
q qy1qU5 5F 1 y b x y x q q b 1 y b .  .n n n n
= U U q 5 U 5 qTx y x , j x y x q b d Tx y x : .n q n n q n
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q qy1q qU U5 5 5 5F 1 y b x y x q q b 1 y b 1 y k x y x .  .  .n n n n n
q q 5 U 5 qq b d L x y x . 15 .n n n
 .  .  .Using 14 and 15 in 13 we obtain
q qy1q qU U5 5 5 5x y x F 1 y a q qa 1 y a 1 y k x y x .  .  .nq1 n n n n
q qy1q qq a d L 1 y b q q b 1 y b .  .n q n n n
= qUq q 5 51 y k q b d L x y x . n q n
qy1 qU5 5q qa b L 1 q L 1 y a x y x . 16 .  .  .n n n n
w . w .Consider the function f : 0, ` ª R defined for each x g 0, ` by
q
f x s 1 q x y qx y 1. .  .
It follows from elementary calculus that f attains its minimum at x s 0
and hence
q
1 q qx F 1 q x . 17 .  .
 .  .  .Setting x s a 1 y k r 1 y a in 17 we obtainn n
q qqy11 y a q qa 1 y a 1 y k F 1 y ka . 18 .  .  .  .  .n n n n
 .  .  .Similarly, setting x s b 1 y k r 1 y b in 17 we obtainn n
q qqy11 y b q q b 1 y b 1 y k F 1 y kb . 19 .  .  .  .  .n n n n
 .  .  .Using 18 and 19 in 16 we obtain
q qy1q qU U5 5 5 5x y x F 1 y ka q qa b 1 y a L 1 q L x y x .  .  .nq1 n n n n n
q qUq q q q 5 5q a d L 1 y kb q b d L x y x .  .n q n n q n
qF 1 y ka q qa b L 1 q L .  .n n n
qUq q q 5 5qa d L 1 q d L x y x , .n q q n
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 .qy1  .since 1 y a - 1, and b - 1. Using condition ii we obtainn n
qqU q q q5 5x y x F 1 y ka q qL 1 q L q d L 1 q d L a .  .  . .nq1 n q q n
=5 U 5 qx y x ,n
 .and using condition i in this inequality we obtain
qq qU U25 5 5 5x y x F 1 y ka q k a x y x .nq1 n n n
qU5 5F 1 y k 1 y k a x y x 20 .  .n n
yk 1yk .a n 5 U 5 q yk1yk . js 0
n a j 5 U 5 qF e x y x F e x y x ª 0n 0
as n ª `,
`  .since  a s `. If a s c for all n G 0, then 20 impliesns0 n n q
q qU U5 5 5 5x y x F 1 y c k 1 y k x y x , .nq1 q n
from which we obtain
5 U 5 n r q 5 U 5x y x F r x y x ,n 0
 .completing the proof of part 1 .
 .  .  .Next we establish inequality 11 . Using 9 and 10 we obtain
U5 5y y x F y y 1 y a y y a Ts .nq1 nq1 n n n n
Uq 1 y a y q a Ts y x .n n n n
U Us 1 y a y y x q a Ts y x q e . 21 .  .  .  .n n n n n
Observe that
qU U1 y a y y x q a Ts y x .  .  .n n n n
q qU5 5F 1 y a y y x .n n
qy1 U Uq qa 1 y a Ts y x , j y y x : .  .n n n q n
q q 5 U 5 qq a d L s y x . 22 .n q n
Furthermore,
Ts y xU , j y y xU : .n q n
s Ts y Ty , j y y xU q Ty y xU , j y y xU :  : .  .n n q n n q n
5 U 5 q 5 U 5 qF L 1 q L b y y x q 1 y k y y x , 23 .  .  .n n n
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and
qqU U U5 5s y x s 1 y b y y x q b Ty y x .  .  .n n n n n
q qy1 q qF 1 y b q q b 1 y b 1 y k q b d L .  .  .n n n n q
=5 U 5 qy y x . 24 .n
 .  .  .Using 23 and 24 in 22 we obtain
qU U1 y a y y x q a Ts y x .  .  .n n n n
q qy1 qU5 5F 1 y a q qa 1 y a 1 y k y y x .  .  .n n n n
qy1 qU5 5q qa b 1 y a L 1 q L y y x .  .n n n n
q qy1q q q qq a d L 1 y b q q b 1 y b 1 y k q b d L .  .  .n q n n n n q
=5 U 5 qy y x .n
 .Following the same argument as in the proof of part 1 we obtain
q qU U U5 51 y a y y x q a Ts y x F 1 y k 1 y k a y y x , .  .  .  .n n n n n n
 .and using condition i in this inequality we obtain
1rqU U U5 51 y a y y x q a Ts y x F 1 y ak 1 y k y y x . .  .  .  .n n n n n
25 .
 .  .Using 25 in 21 now yields the desired inequality, and thus completes the
 .proof of part 2 .
 . UWe now prove part 3 . Suppose lim y s x . Thenn
e s y y 1 y a y y a Ts .n nq1 n n n n
U U U5 5F y y x q 1 y a y y x q a Ts y x .  .  .nq1 n n n n
1rqU U5 5 5 5F y y x q 1 y ak 1 y k y y x ª 0 as n ª `. .nq1 n
 .Next suppose lim e s 0. Then inequality 11 and an application ofn
Lemma LQ yield lim y s xU , completing the proof of Theorem 1.n
If we set b s 0 for all n G 0 in our theorem we obtain the following:n
COROLLARY 1. Let E and T be as in Theorem 1. Let xU denote the fixed
 4`point of T. For any x g E, define the sequence x by0 n ns0
x s 1 y a x q a Tx , n G 0, 26 .  .nq1 n n n n
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 4`  .  4where a : 0, 1 is a real sequence satisfying 0 - a F a F c . Let yn ns0 n q n
 4be any sequence in E and define e byn
e s y y 1 y a y y a Ty . .n nq1 n n n n
Then
 .  4 U1 The sequence x con¨erges strongly to x . Moreo¨er, if a s cn n q
for all n G 0 then
5 U 5 n r q 5 U 5x y x F r x y x .n 0
 . 5 U 5 w  .x1r q 5 U 52 y y x F 1 y ak 1 y k y y x q e , for all n G 0.nq1 n n
 . U3 lim y s x if and only if lim e s 0.n n
w xRemark 1. In 31 , Tan and Xu proved the following:
w xTHEOREM TX1 31, Theorem 3.2, p. 16 . Let C be a nonempty bounded
closed con¨ex subset of a real q-uniformly smooth Banach space E with
1 - q F 2 and T : C ª C be a Lipschitz strongly pseudo-contracti¨ e map-
 4`  .ping. Let a be a real sequence in 0, 1 satisfying:n ns0
 .  .i 0 - a F s , n G 0, where s is the smaller solution of then q q
equation
1q qy1f s [ q q y 1 1 y k s y 1 q d L s q qk s 0, s ) 0. .  .  .  .q 2
27 .
 . `ii  a s `.ns0 n
Then for any gi¨ en x g C, the Mann iteration method generated from x by0 0
 .26 con¨erges strongly to the fixed point of T. Moreo¨er, if a s s for alln q
n G 0, then
U U 1n r q5 5 5 5x y x F r x y x , where r s 1 y qks g 0, 1 . . .n 0 q2
w xTHEOREM TX2 31, Theorem 4.2, p. 19 . Let E and C be as in Theorem
 4`  4` w xTX1. Let a and b be real sequences in 0, 1 satisfying lim a sn ns0 n ns0 n
lim b s 0 and a s `. Then for each x g C the Ishikawa iterationn n 0
 .  .method generated from x by 7 and 8 con¨erges strongly to the fixed point0
of T.
 .It is clear that condition i of Theorem TX1 is not convenient for
 .applications since s is connected with a solution of Eq. 27 . Corollary 1q
of our theorem eliminates this problem completely. Furthermore, our
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iteration procedures are shown to be T-stable and are valid for all real
q-uniformly smooth Banach spaces, 1 - q - ` while Theorems TX1 and
TX2 are proved for real q-uniformly smooth Banach spaces, for 1 - q F 2.
Remark 2. Let E be a real Banach space. A mapping T with domain
 .  . D T and range R T in E is called strictly hemi-contracti¨ e see, for
w x.  .   . 4example, Chidume and the author 11 if F T s x g D T : Tx s x / B
 . U  .and for all x g D T , x g F T , and r ) 0 there exists t ) 1 such that
U U U5 5x y x F 1 q r x y x y rt Tx y x . 28 .  .  .  .
Every strongly pseudo-contractive mapping with a nonempty fixed point
set is strictly hemi-contractive. An example of a strictly hemi-contractive
w xmapping which is not strongly pseudo-contractive is given in 11 . It is also
w xshown in 11 that T is strictly hemi-contractive if and only if
t y 1 2U U5 5 :x y Tx , j x y x G x y x , .  /t
 . U  .for all x g D T , and x g F T . Consequently, a close examination of
this paper reveals that Theorem 1 can easily be extended to the class of
strictly hemi-contractive maps.
3.2. Stable Iteration Procedures for Solutions
of Nonlinear Equations of the Accreti¨ e Type
 .  . Methods for approximating solutions of Eqs. 4 and 5 when they
.  wexist have been investigated by several authors see, for example, 7, 8, 10,
x. w x13, 14, 31 . In 8 Chidume proved that an iteration process of the type
w xintroduced by Mann 21 can be used to approximate the solution of Eq.
 .  .4 when E s L or l and T : E ª E is a Lipschitz strongly accretivep p
w xoperator. In 10 , Chidume and the author extended the above result of
w x w xChidume 8 to the Ishikawa iteration process 19 . A similar extension has
w x w xbeen obtained independently by Deng 13 . Recently Tan and Xu 31
proved that both the Mann and Ishikawa iteration methods can be used to
 .approximate the solution of Eq. 4 when E is a real q-uniformly smooth
Banach space, 1 - q F 2, and T : E ª E is a Lipschitz strongly accretive
w xoperator. Their results generalize and extend the result of Chidume 8 ,
w x w xChidume and the author 10 , and Deng 13, 14 .
In proving these results, the authors employed the auxiliary operator
S: E ª E defined for each x g E by Sx s f q x y Tx. A point xU g E is
 . Ua solution of Eq. 4 if and only if x is a fixed point of S. Thus in their
results, the authors approximated the fixed point of S which is then the
 .solution of Eq. 4 .
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 .Similar results have been obtained for Eq. 5 using the auxiliary
operator S: E ª E defined for each x g E by Sx s f y Tx, where
T : E ª E is a Lipschitz accretive operator see, for example, Chidume
w x.7 .
Let E be a real q-uniformly smooth Banach space, 1 - q - `, and
T : E ª E a Lipschitz strongly accretive operator. Let S: E ª E be
defined for each x g E by Sx s f q x y Tx.
In the following we construct certain Mann and Ishikawa iteration
 .methods which converge to the solution of Eq. 4 . We then prove that our
iteration procedures are stable with respect to S. Apart from our stability
results which are new for the iterative solution of nonlinear equations of
the strongly accretive type, our convergence results which are valid for all
real q-uniformly smooth Banach spaces, 1 - q - ` are improvements of
Theorems 3.1 and 4.1 of Tan and Xu which are valid for real q-uniformly
smooth Banach spaces where 1 - q F 2. Furthermore, we obtain similar
 .convergence and stability results for the operator equation 5 when
T : E ª E is a Lipschitz accretive operator and S: E ª E is defined for
each x g E by Sx s f y Tx.
 .In what follows k g 0, 1 will denote the constant appearing in the
definition of strongly accretive operator, L will denote the Lipschitz
constant of T , L# s 1 q L, and d is the constant appearing in inequalityq
 .6 . We now prove the following:
THEOREM 2. Let q ) 1, and let E be a real q-uniformly smooth Banach
space. Let T : E ª E be a Lipschitz strongly accreti¨ e operator. For a gi¨ en
f g E, let xU denote the unique solution of the equation Tx s f. Define the
 4`operator S: E ª E by Sx s f q x y Tx. For any x g E let x be the0 n ns0
sequence generated from x by0
z s 1 y b x q b Sx , n G 0 29 .  .n n n n n
x s 1 y a x q a Sz , n G 0, 30 .  .nq1 n n n n
 4`  4`where a and b are real sequences satisfyingn ns0 n ns0
 .  2 w  . q i 0 - a F a F c s k 1 q qL# 1 q L# q d L# 1 qn q q
q .xy141rqy1.d L# , n G 0.q
 . qy1ii 0 F b F a , n G 0.n n
 4  4Let y be any sequence in E and define e byn n
v s 1 y b y q b Sy , n G 0 31 .  .n n n n n
e s y y 1 y a y y a Sv , n G 0. 32 .  .n nq1 n n n n
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Then
 .  4 U1 The sequence x con¨erges strongly to the solution, x , of then
equation Tx s f. Moreo¨er, if a s c for all n G 0, thenn q
5 U 5 n r q 5 U 5x y x F r x y x , where r s 1 y c k 1 y k g 0, 1 . .  . .n 0 q
 . 5 U 5 w  .x1r q 5 U 5  .2 y y x F 1 y ak 1 y k y y x q e , n G 0. 33nq1 n n
 . U3 lim y s x if and only if lim e s 0.n n
Proof. Observe that the operator S is Lipschitz with Lipschitz constant
L# s 1 q L. Furthermore, for all x, y g E,
5 5 qSx y Sy , j x y y s x y y y Tx y Ty , j x y y :  : .  .q q
5 5 qF 1 y k x y y , .
so that the rest of the argument now follows as in the proof of Theorem 1.
If we set b s 0 for all n G 0 in Theorem 1 we obtain the following:n
U  4COROLLARY 2. Let E, T , f , S, and x be as in Theorem 2. Let x be an
sequence generated from any x g E by0
x s 1 y a x q a Sx , n G 0, .nq1 n n n n
 4  4where a is a real sequence satisfying 0 - a F a F c , n G 0. Let y ben n q n
 4any sequence in E and define e byn
e s y y 1 y a y y a Ty , n G 0. .n nq1 n n n n
Then
 .  4 U1 The sequence x con¨erges strongly to the solution, x , of then
equation Tx s f. Moreo¨er, if a s c for all n G 0, thenn q
5 U 5 n r q 5 U 5x y x F r x y x .n 0
 . 5 U 5 w  .x1r q 5 U 52 y y x F 1 y ak 1 y k y y x q e , n G 0.nq1 n n
 . U3 lim y s x if and only if lim e s 0.n n
THEOREM 3. Let q ) 1, and let E be a real q-uniformly smooth Banach
space. Let T : E ª E be a Lipschitz accreti¨ e operator. For any gi¨ en f g E,
let xU denote the unique solution of the equation x q Tx s f. Define the
 4operator S: E ª E by Sx s f y Tx. Let x be the sequence generated fromn
 .  .  4  4an arbitrary x g E by 29 , 30 where a and b are real sequences0 n n
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satisfying:
 .  2w q q.x4y1rqy1.i 0 - a F a F c s q 1 q d L 1 q d L , n G 0n q q q
 .ii lim b s 0.nª` n
 4  4  .  .Let y be any sequence in E and let e be defined by 31 , 32 . Thenn n
 .  4 U1 The sequence x con¨erges strongly to the solution, x , of then
equation x q Tx s f. Moreo¨er, if a s c for all n G 0, thenn q
c 1qU Un r q5 5 5 5x y x F r x y x , where r s 1 y 1 y g 0, 1 . .n 0  / /q q
 .2 There exists an integer N G 0 such that0
1rqa 1
U U5 5 5 5y y x F 1 y 1 y y y x q e , for all n G N .nq1 n n 0 /q q
34 .
 . U3 lim y s x if and only if lim e s 0.n n
Proof. Observe that S and T have the same Lipschitz constant L and
that xU is a fixed point of S. Furthermore, for all x, y g E,
Sx y Sy , j x y y s y Tx y Ty , j x y y F 0. 35 :  : .  .  .q q
 .  .  .  .Using 6 , 29 , 30 , and 35 we obtain
qqU U U5 5x y x s 1 y a x y x q a Sz y x .  .  .nq1 n n n n
q qy1qU5 5F 1 y a x y x q qa 1 y a .  .n n n n
= U U q 5 U 5 qSz y x , j x y x q a d Sz y x : .n q n n q n
q qy1qU5 5F 1 y a x y x q qa 1 y a .  .n n n n
= U U q q 5 U 5 qSz y x , j x y x q a d L z y x . 36 : .  .n q n n q n
Furthermore,
Sz y xU , j x y xU s Sz y Sx , j x y xU :  : .  .n q n n n q n
q Sx y xU , j x y xU : .n q n
5 U 5 qF L 1 q L b x y x , 37 .  .n n
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and
qqU U U5 5z y x s 1 y b x y x q b Sx y x .  .  .n n n n n
q qUq q 5 5F 1 y b q d L b x y x . 38 .  .n q n n
 .  .  .Using 37 and 38 in 36 we obtain
5 U 5 qx y xnq1
q qy1 qU5 5F 1 y a q qa b 1 y a L 1 q L x y x .  .  .n n n n n
q qUq q q 5 5q a d L 1 y b q b d L x y x .n q n n q n
q qy1 q q qF 1 y a q qa b 1 y a L 1 q L q a d L 1 q d L .  .  .  .n n n n n q q
=5 U 5 qx y x .n
 .Since lim b s 0, there exists a positive integer N such that L 1 q L bn 0 n
F 1 y 1rq for all n G N . Thus for all n G N we have0 0
5 U 5 qx y xnq1
1q qy1 q q qF 1 y a q qa 1 y a 1 y q a d L 1 q d L .  .  .n n n n q q /q
=5 U 5 qx y xn
q1 qUq q q 5 5F 1 y a q a d L 1 q d L x y x .n n q q n /q
q1 1 qU5 5F 1 y a q a x y x , using condition i .n n n2 /q q
1 1 qU5 5F 1 y a q a x y xn n n2q q
1 1 qU5 5s 1 y 1 y a x y xn n /q q
y1 r q.1y1r q.a n 5 U 5 qF e x y x .n
Iteration of this inequality from n s N to N yields0
5 U 5 q y1r q.1y1r q. js N
N a j 5 U 50x y x F e x y x ª 0 as N ª `,Nq1 N0
since ` a s `.ns0 n
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It follows as in the proof of Theorem 1 that if a s c for all n G 0n q
then
5 U 5 n r q 5 U 5x y x F r x y x .n 0
 .  .The proofs of parts 2 and 3 of Theorem 3 now follow as in the proofs of
 .  .2 and 3 of Theorem 1, respectively.
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